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so, make a note on the front part of the page!
Note: You must solve the problem following the instructions given in the
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Problem Credit Max. Credit
1 25
2 25
3 25
4 25
TOTAL 100

Please write and sign the Honor Pledge below. “I pledge on my honor that I have not
given or received any unauthorized assistance on this examination.”



Ofor0<x<a Eo_nznzhz

2
Infinite square well 7° = :—m +V(x) V)= {

wforx<Oandx>a "  2ma?
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Feynman-Hellmann theorem e (1,0 |a|1p )
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Two-level system: ¢, (0) = 1, ¢, (0) = 0, ¢, (t) = _Efo i, () elwot’ J¢'

i, = %’e“? O [y @M E. 0w, (R)dx with |ay,|? the transition probability from

statento j.  Sinusoidal perturbation: ' (7, t) = V(#) cos wt; Py (t) = |cp(1)]? =

Vapl? sin[(wo—-w)t/2] . _ , . . o wilaf
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and (n'€'m’|z|nfm) = 0
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2L
A
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+yab

Zub

9g(Ef), where g(Ey) is the density of states at the final energy.

WKB semi-classical approximation:
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1

1,2,3,... and x;, x, the classical turning points; For tunneling:
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Quantum Scattering Theory:
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Eel‘sf’ sind,, 0 = = Zt, 0(2¢ + 1) sin?(8,) . TISE re-written: (V2 + k)i = Q, with
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E= :l, and Q = F V i, Green’s function satisfies (V2 + k?)G = §3(#), so that
ikr
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Y(@) = Po(F) — — = s V(o) Y(1) d3r; , where o(#) is a free-particle
solutlon Scattermg function in the |F|> |ry| approximation: f(0) =
ZnhZA fe“k oV (19) Y(7y) d37; first Born approximation: f(o) =
mﬂf“””“VU)d%, frow—nergy(8) ~ — Zﬂfvm»dm,
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Free-Electron Fermi Gas: 3D infinite square well (L, X L, X L, = V) with periodic
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(Born-von Karmen) boundary conditions: (x,y,z)~ 7 ethxX glkyY olhzZ with k =

21 (%,:—y,%), n, =0,+1,4+2,43,.., etc. p= —ihV has eigenvalue hk =
x Ly Lz

Zn 2 _ (2m)3

h(kx, ky, k, ) each state takes up a volume of L—” X=X in k-space. Fermi
X y z
wavevector kp = (3m%p)'/3, where p = Nq/V is the number density of electrons (q =

27,2 2
E = (3n2p)?/3. Total energy Uroeas =

valence of atoms), Fermi energy Ep = v~
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th; z k?, degeneracy pressure P = S % = h—(37r32/)22/ 3p>/3.  Density of states
(DOS) for spin-1/2 Fermions in 3D: D(E)dE = Py (Z—m) VE dE.
h I/
Cooper pairing problem: {—2—V2 —2—V2 +V(n,r, )}‘P(l,2) =EY(1,2),
m
¥(1,2)= Y g, coslk o 7)[00), TISE becomes  (E-2¢,)g Z gV e with

k>kp
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{—thenEF <¢ <E,+hw, wherelV >0
o

Vk
Owheneg, >E, +ho,

, one finds a bound state:
E=2E, —2ho,e”>" """ where N(EF) is the DOS at Ej.

Electrons in a Periodic Potential: The Kronig-Penney Model: Periodic potential of
finite square wells of width b, depth V;, and periodicity a such that V(x + a) = V(x).
Bloch’s theorem: Y(x) = e'*u(x), where q is a real number (crystal momentum) and
u(x) has the same periodicity as the potential. Translation operator: T (@) (x) = P (x —
a). with T(a) = e~@/"_ For any operator Q: T(a)TQ (%, )T (a) = Q(% + a,p). For the
Kronig-Penney Hamiltonian: H (X, p)yY(x) = Ep(x) and T(@)yp(x) = A1y(x) =

—B?ba sm(aa)

e~{%)(x). In the deep and narrow well approximation + cos(aa) =

cos(qa) with a = /ZZ;E, g = /w, and q the crystal momentum. The dispersion

relation E = E(q) shows bands and band gaps.

Superfluid “He and Bose-Einstein condensation: Identical Bosons in a box solved with
standing wave boundary conditions: P (x,y,z) = A sin (%) sin (%) sin (%)
with n, = 1,2,3, ..., etc. Energy level occupation in equilibrium at temperature T with
&s

chemical potential u: n, = ——=—=
e\ M) Kkpl

, with s = (n,,n,,n;). Enforcing the number

/2
constraint yields =n(T)+ ZEV( izmj (chT)3/2 F(%jf(y/kBT) with

0 /u/kb’

flkyT) =35

Crisis temperature for Bose-Einstein condensation:
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