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Physics 402 
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Prof. Anlage 
FINAL Exam 
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Closed Book, NO Calculator Permitted, CLOSED NOTES 

 
Point totals are given in brackets for each part of the question. 

 
If you run out of room, continue writing on the back of the same page.  If you do 

so, make a note on the front part of the page! 
Note:  You must solve the problem following the instructions given in the 

problem.  Correct answers alone will not receive full credit. 
 

Partial Credit: 
 → Show Your Work!  Answers written with no explanation will not 
receive full credit. 

→ You can receive credit for describing the method you would use to 
solve a problem, even if you missed an earlier part. 

============================================================= 
 

Problem Credit Max. Credit 
1  25 
2  25 
3  25 
4  25 

TOTAL  100 
 
Please write and sign the Honor Pledge below.  “I pledge on my honor that I have not 
given or received any unauthorized assistance on this examination.”   
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Quantum Scattering Theory:
𝑁𝑁𝑠𝑠𝑐𝑐𝑎𝑎𝑇𝑇𝑇𝑇(𝑖𝑖𝑛𝑛𝐶𝐶𝐶𝐶 𝑑𝑑Ω 𝑎𝑎𝑟𝑟𝐶𝐶𝑎𝑎𝑛𝑛𝑑𝑑 𝜃𝜃,𝜑𝜑)  = 𝑁𝑁𝑖𝑖𝑛𝑛𝑐𝑐𝑛𝑛𝑇𝑇𝑎𝑎𝑟𝑟𝑠𝑠𝑒𝑒𝑇𝑇
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(𝜃𝜃,𝜑𝜑) is the differential scattering cross section (DSCS).  𝜎𝜎 = ∬𝑑𝑑𝑑𝑑
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𝑑𝑑Ω = sin𝜃𝜃 𝑑𝑑𝜃𝜃 𝑑𝑑𝜙𝜙,  𝑑𝑑𝑑𝑑
𝑑𝑑Ω

= 𝑏𝑏
sin𝜃𝜃

�𝑑𝑑𝑏𝑏
𝑑𝑑𝜃𝜃
�, 𝑏𝑏 =impact parameter, Rutherford scattering: 𝑑𝑑𝑑𝑑

𝑑𝑑Ω
=

� 𝑞𝑞𝑞𝑞/4𝜋𝜋𝜀𝜀0
4𝐸𝐸 sin2(𝜃𝜃/2)�

2
.  Quantum scattering 𝜓𝜓(𝑟𝑟,𝜃𝜃) = 𝐴𝐴 �𝑒𝑒𝑖𝑖𝑘𝑘𝑧𝑧 + 𝑖𝑖(𝜃𝜃) 𝑒𝑒

𝑖𝑖𝑘𝑘𝑖𝑖

𝑟𝑟
�, 𝑑𝑑𝑑𝑑

𝑑𝑑Ω
= |𝑖𝑖(𝜃𝜃)|2, Partial 

wave analysis: 𝜓𝜓(𝑟𝑟,𝜃𝜃) = 𝐴𝐴�𝑒𝑒𝑖𝑖𝑘𝑘𝑧𝑧 + 𝑘𝑘 ∑ 𝑖𝑖ℓ (2ℓ + 1) 𝑎𝑎ℓ ℎℓ
(1)(𝑘𝑘𝑟𝑟) ℓ 𝑃𝑃ℓ(cos𝜃𝜃)�, ℎℓ

(1)(𝑘𝑘𝑟𝑟) =

𝑗𝑗ℓ(𝑘𝑘𝑟𝑟) + 𝑖𝑖𝑛𝑛ℓ(𝑘𝑘𝑟𝑟) and ℎℓ
(2)(𝑘𝑘𝑟𝑟) = 𝑗𝑗ℓ(𝑘𝑘𝑟𝑟) − 𝑖𝑖𝑛𝑛ℓ(𝑘𝑘𝑟𝑟), ℎℓ

(1)(𝑘𝑘𝑟𝑟 ≫ 1) → 𝑒𝑒𝑖𝑖𝑘𝑘𝑖𝑖

𝑟𝑟
, 𝜎𝜎 =

∬𝐷𝐷(𝜃𝜃)𝑑𝑑Ω = ∬|𝑖𝑖(𝜃𝜃)|2 𝑑𝑑Ω = 4𝜋𝜋 ∑ (2ℓ + 1) |𝑎𝑎ℓ|2∞
ℓ=0 , 𝜓𝜓(𝑟𝑟, 𝜃𝜃) = 𝐴𝐴 � ∑ 𝑖𝑖ℓ (2ℓ +ℓ

1) �𝑗𝑗ℓ(𝑘𝑘𝑟𝑟) + 𝑖𝑖 𝑘𝑘 𝑎𝑎ℓ ℎℓ
(1)(𝑘𝑘𝑟𝑟)� 𝑃𝑃ℓ(cos𝜃𝜃)�.  Scattering phase shifts: 𝑎𝑎ℓ = 1

2𝑖𝑖𝑘𝑘
 �𝑒𝑒𝑖𝑖2𝛿𝛿ℓ − 1� =

1
𝑘𝑘
𝑒𝑒𝑖𝑖𝛿𝛿ℓ sin 𝛿𝛿ℓ, 𝜎𝜎 =  4𝜋𝜋

𝑘𝑘2
 ∑ (2ℓ + 1) sin2(𝛿𝛿ℓ) ∞

ℓ=0 .  TISE re-written: (∇2 + 𝑘𝑘2)𝜓𝜓 = 𝑄𝑄, with 

𝐸𝐸 = ℏ2𝑘𝑘2

2𝑚𝑚
, and 𝑄𝑄 ≡ 2𝑚𝑚

ℏ2
 𝑉𝑉 𝜓𝜓, Green’s function satisfies (∇2 + 𝑘𝑘2)𝐺𝐺 = 𝛿𝛿3(𝑟𝑟), so that 

𝜓𝜓(𝑟𝑟) = ∫𝐺𝐺(𝑟𝑟 − 𝑟𝑟0���⃗ ) 𝑄𝑄(𝑟𝑟0���⃗ ) 𝑑𝑑3𝑟𝑟0���⃗   , with 𝐺𝐺(𝑟𝑟) = −𝑒𝑒𝑖𝑖𝑘𝑘𝑖𝑖

4𝜋𝜋𝑟𝑟
.  Lippmann-Schwinger equation: 

𝜓𝜓(𝑟𝑟) = 𝜓𝜓0(𝑟𝑟) − 𝑚𝑚
2𝜋𝜋ℏ2 ∫

𝑒𝑒𝑖𝑖𝑘𝑘|𝑖𝑖��⃗ −𝑖𝑖0�����⃗ |

|𝑟𝑟−𝑟𝑟0����⃗ |  𝑉𝑉(𝑟𝑟0���⃗ ) 𝜓𝜓(𝑟𝑟0���⃗ ) 𝑑𝑑3𝑟𝑟0���⃗   , where 𝜓𝜓0(𝑟𝑟) is a free-particle 
solution.  Scattering function in the |𝑟𝑟| ≫ |𝑟𝑟0���⃗ | approximation: 𝑖𝑖(𝜃𝜃) =
− 𝑚𝑚

2𝜋𝜋ℏ2𝐴𝐴
 ∫ 𝑒𝑒−𝑖𝑖𝑘𝑘∙���⃗ 𝑟𝑟0����⃗  𝑉𝑉(𝑟𝑟0���⃗ ) 𝜓𝜓(𝑟𝑟0���⃗ ) 𝑑𝑑3𝑟𝑟0���⃗   , first Born approximation: 𝑖𝑖(𝜃𝜃) ≅

− 𝑚𝑚
2𝜋𝜋ℏ2

 ∫ 𝑒𝑒𝑖𝑖�𝑘𝑘′����⃗ −𝑘𝑘�⃗ �∙𝑟𝑟0����⃗  𝑉𝑉(𝑟𝑟0���⃗ ) 𝑑𝑑3𝑟𝑟0���⃗   , 𝑖𝑖𝐿𝐿𝑇𝑇𝐿𝐿−𝐸𝐸𝑛𝑛𝑒𝑒𝑟𝑟𝑠𝑠𝑦𝑦(𝜃𝜃) ≈ − 𝑚𝑚
2𝜋𝜋ℏ2

 ∫  𝑉𝑉(𝑟𝑟0���⃗ ) 𝑑𝑑3𝑟𝑟0���⃗   , 

𝑖𝑖𝑠𝑠𝑝𝑝ℎ𝑒𝑒𝑟𝑟𝑖𝑖𝑐𝑐𝑎𝑎𝑇𝑇𝑇𝑇𝑦𝑦 𝑆𝑆𝑦𝑦𝑚𝑚𝑚𝑚𝑒𝑒𝑇𝑇𝑟𝑟𝑖𝑖𝑐𝑐(𝜃𝜃) = − 2𝑚𝑚
ℏ2 𝜅𝜅

 ∫ 𝑟𝑟0 𝑉𝑉(𝑟𝑟0) sin(𝜅𝜅 𝑟𝑟0)∞
0  𝑑𝑑𝑟𝑟0, with 𝜅𝜅 ≡ 𝑘𝑘′���⃗ − 𝑘𝑘�⃗ , and 𝜅𝜅 =

2𝑘𝑘 sin �𝜃𝜃
2
�.  Born series expansion 𝜓𝜓 = 𝜓𝜓0 + ∫𝑔𝑔 𝑉𝑉 𝜓𝜓0 + ∬𝑔𝑔 𝑉𝑉 𝑔𝑔 𝑉𝑉 𝜓𝜓0 +

∭𝑔𝑔 𝑉𝑉 𝑔𝑔 𝑉𝑉 𝑔𝑔 𝑉𝑉 𝜓𝜓0 + ⋯ 
Free-Electron Fermi Gas: 3D infinite square well (𝐿𝐿𝑛𝑛 × 𝐿𝐿𝑦𝑦 × 𝐿𝐿𝑧𝑧 = 𝑉𝑉) with periodic 
(Born-von Karmen) boundary conditions: 𝜓𝜓(𝑥𝑥,𝑦𝑦, 𝑧𝑧)~ 1

√𝑉𝑉
 𝑒𝑒𝑖𝑖𝑘𝑘𝑥𝑥𝑛𝑛 𝑒𝑒𝑖𝑖𝑘𝑘𝑦𝑦𝑦𝑦 𝑒𝑒𝑖𝑖𝑘𝑘𝑧𝑧𝑧𝑧 with 𝑘𝑘�⃗ =

2𝜋𝜋 �𝑛𝑛𝑥𝑥
𝐿𝐿𝑥𝑥

, 𝑛𝑛𝑦𝑦
𝐿𝐿𝑦𝑦

, 𝑛𝑛𝑧𝑧
𝐿𝐿𝑧𝑧
�, 𝑛𝑛𝑛𝑛 = 0, ±1, ±2, ±3, …, etc.  �⃗�𝑝 = −𝑖𝑖ℏ∇��⃗  has eigenvalue ℏ𝑘𝑘�⃗ =

ℏ�𝑘𝑘𝑛𝑛,𝑘𝑘𝑦𝑦,𝑘𝑘𝑧𝑧�, each state takes up a volume of 2𝜋𝜋
𝐿𝐿𝑥𝑥

× 2𝜋𝜋
𝐿𝐿𝑦𝑦

× 2𝜋𝜋
𝐿𝐿𝑧𝑧

= (2𝜋𝜋)3

𝑉𝑉
 in k-space.  Fermi 

wavevector 𝑘𝑘𝐹𝐹 = (3𝜋𝜋2𝜌𝜌)1/3, where 𝜌𝜌 ≡ 𝑁𝑁𝑞𝑞/𝑉𝑉 is the number density of electrons (𝑞𝑞 = 
valence of atoms), Fermi energy 𝐸𝐸𝐹𝐹 = ℏ2𝑘𝑘𝐹𝐹

2

2𝑚𝑚
= ℏ2

2𝑚𝑚
(3𝜋𝜋2𝜌𝜌)2/3.  Total energy 𝑈𝑈𝑇𝑇𝑇𝑇𝑇𝑇𝑎𝑎𝑇𝑇 =



ℏ2

2𝑚𝑚
𝑉𝑉
𝜋𝜋2

 1
5

 𝑘𝑘𝐹𝐹5, degeneracy pressure 𝑃𝑃 = 2
3

 𝑈𝑈𝑇𝑇𝑇𝑇𝑇𝑇𝑎𝑎𝑇𝑇
𝑉𝑉

= ℏ2

5𝑚𝑚
(3𝜋𝜋2)2/3𝜌𝜌5/3.  Density of states 

(DOS) for spin-1/2 Fermions in 3D: 𝐷𝐷(𝐸𝐸)𝑑𝑑𝐸𝐸 = 𝑉𝑉
2𝜋𝜋2

 �2𝑚𝑚
ℏ2
�
3/2

 √𝐸𝐸 𝑑𝑑𝐸𝐸. 
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 when 0
0 where, when 

', , one finds a bound state: 
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FeEE −−≅ ω , where 𝑁𝑁(𝐸𝐸𝐹𝐹) is the DOS at 𝐸𝐸𝐹𝐹. 
Electrons in a Periodic Potential: The Kronig-Penney Model: Periodic potential of 

finite square wells of width 𝑏𝑏, depth 𝑉𝑉0 and periodicity 𝑎𝑎 such that 𝑉𝑉(𝑥𝑥 + 𝑎𝑎) = 𝑉𝑉(𝑥𝑥).  

Bloch’s theorem: 𝜓𝜓(𝑥𝑥) = 𝑒𝑒𝑖𝑖𝑞𝑞𝑛𝑛𝑎𝑎(𝑥𝑥), where 𝑞𝑞 is a real number (crystal momentum) and 

𝑎𝑎(𝑥𝑥) has the same periodicity as the potential.  Translation operator: 𝑇𝑇�(𝑎𝑎)𝜓𝜓(𝑥𝑥) = 𝜓𝜓(𝑥𝑥 −

𝑎𝑎).  with 𝑇𝑇�(𝑎𝑎) = 𝑒𝑒−𝑖𝑖𝑎𝑎𝑝𝑝�/ℏ.  For any operator 𝑄𝑄� : 𝑇𝑇�(𝑎𝑎)†𝑄𝑄�(𝑥𝑥�, �̂�𝑝)𝑇𝑇�(𝑎𝑎) = 𝑄𝑄�(𝑥𝑥� + 𝑎𝑎, �̂�𝑝).  For the 

Kronig-Penney Hamiltonian: ℋ� (𝑥𝑥�, �̂�𝑝)𝜓𝜓(𝑥𝑥) = 𝐸𝐸 𝜓𝜓(𝑥𝑥) and 𝑇𝑇�(𝑎𝑎)𝜓𝜓(𝑥𝑥) = 𝜆𝜆 𝜓𝜓(𝑥𝑥) ≡

𝑒𝑒−𝑖𝑖𝑞𝑞𝑎𝑎𝜓𝜓(𝑥𝑥).  In the deep and narrow well approximation −𝛽𝛽
2𝑏𝑏𝑎𝑎
2

 sin(𝛼𝛼𝑎𝑎)
𝛼𝛼𝑎𝑎

+ cos(𝛼𝛼𝑎𝑎) =

cos(𝑞𝑞𝑎𝑎) with 𝛼𝛼 = �2𝑚𝑚𝐸𝐸
ℏ2

, 𝛽𝛽 = �2𝑚𝑚(𝐸𝐸+𝑉𝑉0)
ℏ2

, and 𝑞𝑞 the crystal momentum.  The dispersion 

relation 𝐸𝐸 = 𝐸𝐸(𝑞𝑞) shows bands and band gaps. 

Superfluid 4He and Bose-Einstein condensation: Identical Bosons in a box solved with 
standing wave boundary conditions: 𝜓𝜓(𝑥𝑥,𝑦𝑦, 𝑧𝑧) = 𝐴𝐴 sin �𝑛𝑛𝑥𝑥 𝜋𝜋 𝑛𝑛

𝑎𝑎
�  sin �𝑛𝑛𝑦𝑦 𝜋𝜋 𝑦𝑦

𝑎𝑎
�  sin �𝑛𝑛𝑧𝑧 𝜋𝜋 𝑧𝑧

𝑎𝑎
� 

with 𝑛𝑛𝑛𝑛 = 1, 2, 3, …, etc.  Energy level occupation in equilibrium at temperature 𝑇𝑇 with 

chemical potential 𝜇𝜇: 
1/)( −

= − TkE
s

s Bse
g

n µ , with 𝐶𝐶 = (𝑛𝑛𝑛𝑛,𝑛𝑛𝑦𝑦,𝑛𝑛𝑧𝑧).  Enforcing the number 

constraint yields ( ) )/(
2
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µ .  Crisis temperature for Bose-Einstein condensation: 
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.  Macroscopic quantum wavefunction )()()( ri
s err

 θρψ =  

and quantized circulation ∫ =•=
m
nhldvs

κ  , where ,2,1,0 ±±=n    

Mathematical Formulas sin(𝑎𝑎 ± 𝑏𝑏) = sin𝑎𝑎 cos 𝑏𝑏 ± cos 𝑎𝑎 sin 𝑏𝑏 cos(𝑎𝑎 ± 𝑏𝑏) =
cos 𝑎𝑎 cos𝑏𝑏 ∓ sin𝑎𝑎 sin 𝑏𝑏 Law of cosines: 𝑐𝑐2 = 𝑎𝑎2 + 𝑏𝑏2 − 2𝑎𝑎𝑏𝑏 cos 𝜃𝜃 
∫𝑥𝑥 sin(𝑎𝑎𝑥𝑥)𝑑𝑑𝑥𝑥 = 1

𝑎𝑎2
sin(𝑎𝑎𝑥𝑥) − 𝑛𝑛

𝑎𝑎
cos(𝑎𝑎𝑥𝑥); ∫𝑥𝑥 cos(𝑎𝑎𝑥𝑥)𝑑𝑑𝑥𝑥 = 1

𝑎𝑎2
cos(𝑎𝑎𝑥𝑥) + 𝑛𝑛

𝑎𝑎
sin(𝑎𝑎𝑥𝑥)

 ∫ 𝑥𝑥𝑛𝑛∞
0 𝑒𝑒−𝑛𝑛/𝑎𝑎𝑑𝑑𝑥𝑥 = 𝑛𝑛!𝑎𝑎𝑛𝑛+1 ∫ 𝑥𝑥2𝑛𝑛∞

0 𝑒𝑒−𝑛𝑛2/𝑎𝑎2𝑑𝑑𝑥𝑥 = √𝜋𝜋
(2𝑛𝑛)!
𝑛𝑛!

�𝑎𝑎
2
�
2𝑛𝑛+1

 ∫ 𝑥𝑥2𝑛𝑛+1∞
0 𝑒𝑒−𝑛𝑛2/𝑎𝑎2𝑑𝑑𝑥𝑥 = 𝑛𝑛!

2
𝑎𝑎2𝑛𝑛+2 

Integration by parts: ∫ 𝑖𝑖 𝑑𝑑𝑠𝑠
𝑑𝑑𝑛𝑛

𝑏𝑏
𝑎𝑎 𝑑𝑑𝑥𝑥 = −∫ 𝑑𝑑𝑓𝑓

𝑑𝑑𝑛𝑛
𝑏𝑏
𝑎𝑎 𝑔𝑔 𝑑𝑑𝑥𝑥 + 𝑖𝑖𝑔𝑔|𝑎𝑎𝑏𝑏 

( )∫ ∫−= θθθθθ coscoscossin dd ;  ( ) ( )
14

4sinsin 2

2

0

2

−
=∫ n

nduunu
π

;  !1/

0

nadrer narn +−
∞

=∫  

Binomial expansion for x <<1: (1 + 𝑥𝑥)𝑛𝑛 ≅ 1 + 𝑛𝑛𝑥𝑥 + 𝑛𝑛(𝑛𝑛−1)
2

𝑥𝑥2       

1
1+𝑛𝑛

= 1 − 𝑥𝑥 + 𝑥𝑥2 − 𝑥𝑥3 + ⋯    (𝑥𝑥 < 1)          𝑒𝑒−𝑛𝑛 = 1 − 𝑥𝑥 + 𝑥𝑥2/2! + ⋯    (𝑥𝑥 ≪ 1)      
sin𝜃𝜃 = 𝜃𝜃 − 𝜃𝜃3/3! + ⋯    (𝜃𝜃 ≪ 1)            cos𝜃𝜃 = 1 − 𝜃𝜃2/2! + ⋯    (𝜃𝜃 ≪ 1) 

∇2=
1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝑟𝑟
�𝑟𝑟2

𝜕𝜕
𝜕𝜕𝑟𝑟
� +

1
𝑟𝑟2 sin𝜃𝜃

𝜕𝜕
𝜕𝜕𝜃𝜃

�sin𝜃𝜃
𝜕𝜕
𝜕𝜕𝜃𝜃
� +

1
𝑟𝑟2𝐶𝐶𝑖𝑖𝑛𝑛2𝜃𝜃 �

𝜕𝜕2

𝜕𝜕𝜙𝜙2� 




